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1. Introduction
We work with varieties over C.
1.1. Threefold flops as moduli of perverse point sheaves
In [3], T. Bridgeland considered a morphism X → Y of complex projective varieties
satisfying
(B1) Rf∗OX =OY , and
(B2) dimf−1{z} 1 for every z ∈ Y .
Note that our notation differs from [3], in that X and Y are switched. Bridgeland defined
an abelian subcategory Per(X/Y ) ⊂ Db(X) of the derived category Db(X) := Db(CohX)
of bounded complexes of coherent sheaves, and in this subcategory he identifies certain
objects called perverse point sheaves. He proved:
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perverse point sheaves, which is projective over Y . It contains a distinguished component
W ⊂ M(X/Y) which is birational to Y .
Bridgeland further proved the following remarkable result:
Theorem 1.1.2 (Bridgeland [3, Theorem 1.1]). Assume that X is a smooth threefold and
X → Y is a flopping contraction. Then
(1) W is smooth,
(2) the integral functor Db(W) → Db(X) induced by the universal perverse point sheaf
is an equivalence of triangulated categories, and
(3) W  X+, the flop of X → Y .
In [6], Theorem 1.1.2 above is generalized to the case where X is a threefold with
Gorenstein terminal singularities and X → Y is a flopping contraction.
1.2. Non-Gorenstein threefolds as stacks
In this paper we are concerned with generalizing the results of [3,6] to some Q-Go-
renstein terminal threefolds, using algebraic stacks, as commented in [6, Section 1.8]. It
should be pointed out that Kawamata obtained some very general results [7,8] (extend-
ing earlier results of Bondal and Orlov [5]), also using algebraic stacks, concentrating on
equivalences (or embeddings) of derived categories in birational transformations. To avoid
excessive overlap with Kawamata’s work, we emphasize the moduli construction of bira-
tional transformations.
The underlying idea is the following: under all considerations of integral functors and
Fourier–Mukai transforms, smoothness is an essential assumption. Thus, if one is to prove
results analogous to 1.1.2 for singular varieties, some “hidden smoothness” would be desir-
able. In the terminal Gorenstein case, a deformation X→Y of X → Y with X smooth is
used. In the Q-Gorenstein case, the singularities can be simplified back to the Gorenstein
case, by taking the canonical Gorenstein stack (this is also the main idea behind Kawa-
mata’s result [7]).
1.3. Threefold terminal flops
By way of comparison, we consider two very different cases here. The first is that of a
threefold terminal flopping contraction X → Y , with flop X+ → Y . In this case Kawamata
[8, Theorem 6.5], has proven an equivalence of derived categories of the canonical covering
stacks X→ X and X+ → X+ (see Definition 2.1.1). Here we add to Kawamata’s result:
the flop can in some sense be constructed a priori as a moduli space. Indeed the entire
program of [3,4,6] works:
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terminal singularities. Let X → Y be a flopping contraction, and let X→ Y be the con-
traction of associated canonical covering stacks. Then
(1) the distinguished component W(X/Y) of the moduli stack of perverse point sheaves
has terminal Gorenstein singularities,
(2) the integral functor
Db
(
W(X/Y)
)→ Db(X)
given by the universal object is an equivalence, and
(3) W(X/Y) X+, the flop of X→Y.
This in particular gives a slightly different approach to [8, Theorem 6.5].
While our result extends the ideas of [3] to this case, there is still an unsatisfactory point
which we do not know how to resolve: our moduli construction relies on a presentation of
the canonical covering stack; it would be desirable to have a construction directly in terms
of the stack.
1.4. Threefold Francia flips
We continue working with a normal, quasiprojective, Q-Gorenstein variety X.
We consider the simplest sequence of flips in dimension 3, the so-called local Fran-
cia flips, obtained as the quotient of the standard threefold flop by a particular action of
a cyclic group—see Definition 3.2.1. In this case something new and very different hap-
pens: consider the canonical covering stack X of X; in this case there is no canonical
covering stack of Y since Y is not Q-Gorenstein. The usual moduli space of perverse point
sheaves “M(X/Y )” is not isomorphic to X+, see Proposition 3.6.1. Instead we construct a
new abelian category Per(−1,0)(X/Y )—see Definition 4.1.1—and consider the analogous
notion of perverse point sheaves. We then show:
Theorem 1.4.1. Let X → Y be a flipping contraction which, locally analytically over Y ,
is of Francia type. Let X→ X be the canonical covering stack. Then there is a separated
moduli space M(X/Y ) of (−1,0)-perverse point sheaves on X/Y , whose distinguished
component W(X/Y ) is projective and birational over Y .
Theorem 1.4.2.
(1) The distinguished component W(X/Y ) is smooth,
(2) the integral functor
Db
(
W(X/Y )
)→ Db(X)
given by the universal object is fully faithful, and
+(3) W(X/Y )  X , the flip of X → Y .
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Db(X) is a special case of the main theorem of [7].
Unlike the previous cases, we do not provide an a priori construction of the flip as a
moduli space: the present proof of these theorems uses the existence of X+ in a very ex-
plicit way, in two points. First, our proof of projectivity of W(X/Y ) relies on the existence
of a morphism X+ → W(X/Y ), i.e., the existence of a family of (−1,0)-perverse point
sheaves for X/Y parametrized by X+. Second, in our proof of the fully faithful embedding
we used the same morphism to show that W → Y does not contract a surface to a point.
This is needed when applying the method of [4] with the intersection theorem.
As a technical step in proving the existence of a morphism X+ → W(X/Y ), we use
part (1) of the following result comparing X+ to the normalization Wn(X/Y) of W(X/Y):
Proposition 1.4.3.
(1) Wn(Xn/Yn) = X+n .
(2) The morphism X2 → Y2 does not factor through the moduli space W(X+2 /Y2).
This proposition is proven using results of the appendices.
Part (2) is a natural example of a log-flip (here the inverse of the Francia flip) which is
not directly related to Bridgeland’s moduli construction. We suspect that the same negative
result holds when the index 2 is replaced by n > 1.
1.5. The flatness criterion and normalization of W
In the appendices, we collect some results of computational flavor, and perpendicular to
issues of derived categories, related to Bridgeland’s moduli of perverse point sheaves.
To demonstrate the existence or non-existence of a family of Bridgeland’s perverse point
sheaves, we develop in Appendix A a flatness criterion.
Proposition 1.5.1. Let f :X → Y be a projective birational morphism of normal varieties,
satisfying (B1), (B2) above. Let W → Y be the main component of the moduli space of
perverse point sheaves on X/Y . Then
(1) the ideal sheaf IX×YW of the fibered product X ×Y W inside X ×W is flat over W ,
(2) the universal perverse point sheaf on X ×W is the structure sheaf of the fibered prod-
uct X ×Y W , and
(3) if V is a scheme and h :V → Y is a morphism such that every associated component
of V intersects h−1U , then h factors through W → Y if and only if the ideal IX×Y V
of the fibered product X ×Y V in X × V is flat over V .
In Appendix B we obtain related results on the normalization of W . The first result
concentrates on the case when X → Y and W → Y do not contract divisors:
Proposition 1.5.2. Let f :X → Y be a birational morphism satisfying (B1) and (B2)
above. Let M be an f -ample invertible sheaf. Denote by W the main component of the
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Assume further that X and Y are normal algebraic varieties and the exceptional loci of
X → Y and W → Y have codimension > 1. Then
Wn =P rojY
⊕
i0
f∗Mi.
Combining Propositions 1.5.1 and 1.5.2 we obtain:
Corollary 1.5.3. Let X and Y be normal varieties, X → Y a projective, small birational
contraction. Assume X+ exists and the ideal sheaf of X ×Y X+ is flat over X+. Then
Wn = X+.
Applying our propositions, we obtain in Appendix C the following results:
Proposition 1.5.4.
(1) Suppose X → Y is a proper birational map between smooth surfaces. Then W = Y .
(2) Suppose X → Y is a contraction of an irreducible (−2)-curve on a smooth surface X.
Then Wn is isomorphic to X.
Remark 1.5.5. (1) We were informed that 1.5.4(1) was announced in a talk by Bridgeland
at the same time the results of [3] were announced.
(2) In 1.5.4(2), and indeed for an arbitrary crepant contraction of surfaces with canonical
singularities, the results of [6] imply that W is isomorphic to X. A closely related threefold
case which actually implies this claim is studied by Szendro˝i [12].
In higher dimensions we have:
Proposition 1.5.6. Let Y be the cone over the Segre embedding of P1 × Pk . Let X → Y be
the small resolution having P1 as the exceptional locus. Then Wn(X/Y) = X+, the other
small resolution.
1.6. Some generalities
We use the notation D(X) exclusively for the derived category of coherent sheaves
on X, and Db(X) for the bounded category.
For the definition and properties of perverse sheaves, perverse ideal and point sheaves,
and their properties we rely on [3] and [6]. We cannot improve here much on the presenta-
tion there.
For a Deligne–Mumford stack X with coarse moduli space π :X → X we note that
π∗OX =OX , and that π∗ is exact on quasi-coherent sheaves.
If X = [V/G], with V a variety and G a finite group, then Coh(X)  CohG(V ). The
coarse moduli space of such X is simply the quotient X = V/G. Write q :V → X for the
schematic quotient morphism. If F is a sheaf on X corresponding to a G-sheaf G on V ,
then π∗F = (q∗G)G.
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2.1. The canonical covering stack
Recall that a variety X is Q-Gorenstein if it is Cohen–Macaulay and there is a integer m,
such that the saturation ω[m]X of ω
⊗m
X is invertible. The minimal positive m satisfying this
is called the canonical index of X.
Definition 2.1.1. Let X be a normal quasi-projective Q-Gorenstein variety. The canonical
covering stack X→ X is defined as the stack-theoretic quotient
X= [PX/Gm],
where
PX = SpecX
(⊕
i∈Z
ω
[i]
X
)
.
The variety PX is the canonical Gm-space of X. Supposing X has canonical singu-
larities, it is well known that PX also has canonical singularities (this follows from [11,
Proposition 1.7]). By definition its canonical sheaf is invertible, thus PX is Gorenstein.
The canonical covering stack X is therefore also Gorenstein. It is automatically a Deligne–
Mumford stack, since the stabilizer of any point of PX is contained in the finite group µm.
More traditionally, a different but equivalent construction has been used. For each point
x ∈ X, one can find an open neighborhood Ux such that rxKX is a Cartier divisor for a
minimum positive integer rx . A local canonical covering πx : U˜x → Ux is a finite µrx -
cover where U˜x is a normal variety and πx is étale in codimension 1 such that KU˜x is
Cartier. It is defined as follows: one takes a non-vanishing section
σ ∈ H 0(Ux,OX(rxKX)).
One solves the equation
τ rx = σ
in the total space of the canonical bundle ωUGorx of the Gorenstein locus
UGorx ⊂ Ux,
obtaining U˜Gorx . The covering U˜x → Ux is obtained by normalizing Ux in U˜Gorx . The
canonical coverings are not unique, but étale locally isomorphic to each other. Thus one
can define the canonical covering stack X by the atlas given by the collection of canonical
coverings.
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tions are local (in the classical or étale topologies) in X, we explain the local equivalence.
Consider the inclusion
(⊕
i∈Z
ω
[rx i]
Ux
)
→
(⊕
i∈Z
ω
[i]
Ux
)
of OUx algebras, and the corresponding finite Gm-equivariant morphism
h :PUx → SpecUx
(⊕
i∈Z
ω
[rx i]
Ux
)
=: PUx,rx .
We denote the image of the section σ on the right by Σ . Note the Gm action on PUx,rx ,
the principal bundle of ω[rx ]U , is by t rx instead of t . We claim that U˜x is the inverse image
h−1(Σ) under this map. Note that U˜Gorx is open in h−1(Σ). Since h is finite and U˜x is
normal, this extends to a finite birational morphism U˜x → h−1(Σ). To show that this is
an isomorphism, it suffices to show that h−1(Σ) is normal. Now PX is Cohen–Macaulay,
hence the hypersurface obtained by taking the inverse image of σ is also Cohen–Macaulay,
and since it is regular in codimension 1 it is normal.
We thus have an inclusion U˜x ⊂ PX and a compatible inclusion µrx × U˜x ⊂ Gm × PX ,
giving a morphism of groupoids, which in turn induces a morphism of quotient stacks
[U˜x/µrx ] → [PU/Gm]. The latter is easily seen to be an isomorphism.
2.2. Perverse moduli stack for Q-Gorenstein flops
2.2.1. Moduli space for the Gm-spaces
Let X and Y be terminal Q-Gorenstein threefolds and let f :X → Y be a flopping
contraction. Under these assumptions, the varieties PX and PY are Gorenstein fourfolds.
Since KY = f ∗KX , there is a C∗-equivariant lifting fPY :PX → PY . This morphism
satisfies the conditions (B1)—the singularities of PX,PY are rational—and (B2)—simple
dimension count. Therefore we can define the moduli space M(PX/PY ) of perverse point
sheaves as in [3]. There is a distinguished component W(PX/PY ), which is birational
to PY . By its universal property, the action of C∗ on PX and PY induces an action on
W(PX/PY ).
2.2.2. Flop of the Gm-spaces
We claim that W(PX/PY ) is the flop of PX → PY . This follows from the results of [6],
as follows: fix p ∈ PY and let HY be a general hyperplane section of PY through p, with in-
verse image HX ⊂ PX . The morphism HX → HY is a Gorenstein flopping contraction. The
restriction of W(PX/PY ) to HY is isomorphic to W(HX/HY ) by Proposition 4.4 of [6].
By Theorem 1.1 of [6] the latter is the flop of HX → HY , which gives the claim.
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Consider the stack
W := [W(PX/PY )/C∗].
By definition, we can give an interpretation of this as a moduli stack. For each scheme S,
the quotient stack [W(PX/PY )/C∗] gives a category W(S) = [W(PX/PY )/C∗](S). An
object in this category consists of a C∗-bundle Q → S with a C∗ equivariant morphism
α :Q → W(PX/PY ). For any two objects (Q1, α1) and (Q2, α2) in W(S), an arrow is a
C∗-equivariant morphism β :Q1 → Q2 such that α1 = α2 ◦ β .
Using the definition of W(PX/PY ), we can get a more concrete interpretation of objects.
Since W(PX/PY ) is a fine moduli space, an element in W(PX/PY )(Q) is equivalent to a
family of perverse point sheaves for PX → PY parametrized by Q. Thus an object in the
category W(S) is a pair (Q,E) where Q is a C∗-bundle over S and E is a C∗-equivariant
family of perverse point sheaves for PX → PY parametrized by Q.
Note that this interpretation relies on the particular presentation of W we chose.
2.2.4. The universal object
By [6, Proposition 4.2], the universal perverse point sheaf over PX ×W(PX/PY ) is the
structure sheaf of the fibered product PX ×PY W(PX/PY ). The natural C∗ action defines a
corresponding sheaf E on the quotient stack W , which is evidently the structure sheaf of
the fibered product X×Y W .
Can we view W as a moduli stack of perverse point sheaves on X/Y? The answer
is “yes” if we are careful about the definition, and still a bit unsatisfactory. The fibers of
E over geometric points of W are indeed elements of Per(X/Y), defined just as in [3].
However the universal perverse point sheaf is not a quotient of OX×W , for the same reason
that the universal non-perverse “point sheaf” OY of a non-representable stack Y is not
a quotient of OY×Y . Only after pulling back to an étale cover of Y can we write it as a
quotient.
2.3. Proof of Proposition 1.3.1
We claim that W is the flop of X→Y and the sheaf E gives an equivalence of derived
categories. This establishes parts (2) and (3) of the proposition. Part (1) follows on the way,
see the following lemma.
2.3.1. Pullback to an étale chart
Consider a scheme Y ′ and an étale morphism Y ′ → Y. Write X′ = X ×Y Y ′. The
scheme Y ′ is a terminal Gorenstein threefold, and X′ → Y ′ is a flopping contraction. Write
W ′ = W(X′/Y ′). We have
Lemma 2.3.2. W ′ =W ×Y Y ′.
Remark 2.3.3. It follows that W has terminal Gorenstein singularities, giving part (1) of
the proposition.
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PX ×X X′ PX
PY ×Y Y ′ PY
X′ X
Y ′ Y
where all the horizontal arrows are flat, and the diagonal arrows are Gm-bundles. Recall
that the formation of the category Per commutes with flat base change (see, e.g., [2, Propo-
sition 3.1.4]). We therefore have morphisms
W(PX/PY )×Y Y ′ → W
(
PX ×Y Y ′/PY ×Y Y ′
)← W ′ ×Y ′ (PY ×Y Y ′).
These are isomorphisms since all these varieties are the relevant flops. Also
W
(
PX ×Y Y ′/ PY ×Y Y ′
)→ W ′
is a C∗-bundle. Taking quotients by C∗ gives W ′ =W ×Y Y ′, as required.
2.3.4. Descent for the derived equivalence
By definition the sheaf E pulls back to the structure sheaf of X′ ×Y ′ W ′, which is the
universal perverse point sheaf for X′/Y ′. Applying [6, Theorem 1.1], we have that the
integral functor Db(W ′) → Db(X′) is an equivalence and W ′  X′+, the flop of X′ → Y ′.
Applying [6, Proposition 3.2] we have that the transform
FE :D
b(W) → Db(X)
is an equivalence.
2.3.5. W is the flop
Let D be a negative divisor for f :X → Y , let D be its pullback to X and D′ the
pullback to X′. Since W ′  X′+, we have that
W ′ =P rojY ′
⊕
f ′∗OX′
(
nD′
)
.n0
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W =P rojY
⊕
n0
f ′∗OX(nD).
This completes the proof. 
3. The Francia flips—scheme and stack
3.1. The setup
We follow the notation in Kollár–Mori [9, page 39]: denote by Y1 the usual threefold
quadratic singularity xy = uv, and let X1 → Y1 be one of the two small resolutions, blow-
ing up (x, v), so X1 → Y1 is the standard flopping (−1,−1) contraction. We denote by
X+1 → Y1 the other resolution, blowing up the ideal (x,u). Denote by Z/nZ the cyclic
group of n elements, acting on Y1 via (x, y,u, v) 
→ (ζx, y, ζu, v), which lifts to an ac-
tion on X1 and on X+1 . The quotients of X1, Y1,X
+
1 are denoted Xn,Yn,X
+
n , respectively.
Consider the diagram
Xn X
+
n
Yn.
(1)
We have that the Picard numbers satisfy ρ(X+n /Yn) = ρ(Xn/Yn) = 1 and the variety X+n
is smooth. Denote by Cn the exceptional curve in Xn and by C′n the exceptional curve in
X+n . A standard computation shows that
Cn ·KXn =
−(n− 1)
n
,
and
C′n ·KX+n = n− 1.
Thus X+n → Yn is the flip of Xn → Yn when n 2.
We denote by Xn the canonical covering stack of Xn.
3.2. Local Francia flips
Definition 3.2.1. Let f :X → Y be a flipping contraction between two quasi-projective
threefolds. We call f :X → Y a local Francia flipping contraction if f is étale locally
isomorphic to some Xn → Yn as in diagram (1). We denote by X the canonical covering
stack of X.
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neighborhood φ :U → Y with another étale morphism ψ :U → Yn and an isomorphism
X ×Y U  Xn ×Yn U.
This induces an isomorphism
X+ ×Y U  X+n ×Yn U.
3.3. Local models
In the rest of this section we concentrate on the local picture and identify X with Xn.
Étale locally we have the following diagram
X1 X
+
1
[X1/(Z/nZ)] Y1 [X+1 /(Z/nZ)]
Xn [Y1/(Z/nZ)] X+n .
Xn Yn
From now on we fix n. For simplicity of notation we drop the subscripts n. Concentrat-
ing on the left side of the previous diagram, we have a diagram
X1
q
τ
q ′
[X1/(Z/nZ)]
σ
X
π
X
f¯
Y.
(2)
The notation for the various morphisms in this diagram will remain fixed in the rest of this
section.
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q :X1 →
[
X1/ (Z/nZ)
]
is, by definition, étale. The morphism
σ :
[
X1/(Z/nZ)
]→X
is the natural morphism “forgetting the stacky structure” along a Z/nZ-divisor [D/(Z/nZ)].
The divisor D ⊂ X1 is given, in the local coordinates introduced earlier, as the zero locus
of the function x
v
in the affine chart
V = SpecC
[
x
v
, y, v
]
.
We denote by D′ the image of D in X, so q ′∗D′ = nD. The notation D and D′ will also
remain fixed in the rest of this section. The exceptional curve in X1 is given in this chart
by y = v = 0.
Note that the morphism σ is flat since [X1/(Z/nZ)] → X is surjective, proper and
quasi-finite, X is smooth and [X1/(Z/nZ)] is Cohen–Macaulay (in fact, it is smooth).
The coarse moduli space of [X1/(Z/nZ)] is also X. We also have that σ∗σ ∗ = id on any
quasi-coherent sheaf, since σ∗O[X1/(Z/nZ)] =OX.
Consider now the other affine chart
U = SpecC
[
x,u,
v
x
]
on X1. The exceptional curve is defined by x = u = 0. Denote by E the divisor of zeros
of v
x
—it meets the exceptional curve properly. Again we write E′ = q ′∗E, so q ′∗E′ = nE.
On X1 we have an equality of divisors
div
(
v
x
)
= E −D.
The function v
x
is a Z/nZ-semi-invariant with respect to the character
v
x

→ ζ−1n ·
v
x
.
Therefore we can identify the Z/nZ-sheaf Lχi isomorphic to OX1 twisted by the action of
a character χi as
Lχi
Z/nZ OX1
(
j (E −D))for suitable j .
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We now address part (1) of Proposition 1.4.3 about the “coarse” Francia flips of index n.
We will use this result in Proposition 5.2.1.
We need to prove that Wn(Xn/Yn) is X+n . By Corollary 1.5.3 it suffices to verify that
the ideal of Xn ×Yn X+n is flat over X+n .
The case n = 1 follows from the main result of Bridgeland [3] (and can easily be
checked by an explicit calculation). We thus have that the ideal of X1 ×Y1 X+1 is flat
over X+1 . Since X+n is smooth and X
+
1 → X+n is finite, we have that X+1 → X+n is flat,
therefore the ideal of X1 ×Y1 X+1 is flat over X+n as well.
We have an exact sequence of OX1×X+1 -modules
0 → IX1×Y1X+1 →OX1×X+1 →OX1×Y1X+1 → 0.
Consider the diagonal action of Z/nZ on X1 ×X+1 . Taking invariants in the exact sequence
above we get a sequence
0 → I(X1×Y1X+1 )/(Z/nZ) →O(X1×X+1 )/(Z/nZ) →O(X1×Y1X+1 )/(Z/nZ) → 0,
which is still exact (since taking invariants of a finite group is exact in characteristic 0).
Since the morphism X1 ×X+1 → X+1 is equivariant, we get an induced morphism(
X1 ×X+1
)
/(Z/nZ) → X+n .
Since IX1×Y1X+1 is flat over X
+
n , and since the module of invariants I(X1×Y1X+1 )/(Z/nZ) is a
direct summand, the latter is also flat over X+n . This means
Tor
O
X
+
n
1 (I(X1×Y1X+1 )/(Z/nZ),M) = 0
for every OX+n -module M , or, equivalently,
Tor
O
X
+
n
2 (O(X1×Y1X+1 )/(Z/nZ),M) = 0.
Lemma 3.4.1 below says that (X1 ×Y1 X+1 )/(Z/nZ) → Xn ×Yn X+n is an isomorphism.
This means that
Tor
O
X
+
n
2 (OXn×YnX+n ,M) = 0,
which in turn implies that
Tor
O
X
+
n
1 (IXn×YnX+n ,M) = 0,so the ideal is flat.
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phism.
Proof. The morphism is finite and birational. By Zariski’s main theorem it suffices to show
that Xn ×Yn X+n is normal. We check this by direct computation.
We have Y1 given by the equation xy − uv, therefore
Yn = SpecC
[{
xn
}
,
{
xn−1u
}
, . . . ,
{
xun−1
}
,
{
un
}
, y,
]/
R
where R is some ideal of relations. Here, as well as later, expressions in braces are vari-
ables, and the expression inside the brace is the image in the function field of Y1.
We have two affine charts for X1:
X1(1) = SpecC
[{
x
v
}
, y, v
]
, X1(2) = SpecC
[{
v
x
}
, x,u
]
giving the following charts on Xn:
Xn(1) = SpecC
[{
xn
vn
}
, y, v
]
,
Xn(2) = SpecC
[{
xn
}
,
{
xn−1u
}
, . . . ,
{
xun−1
}
,
{
un
}
, y, v,
{
vn
xn
}]/
R′,
where
R′ =
(
. . . ,
{
vn
xn
}{
xn
}− vn, . . . ,{vn
xn
}{
un
}− yn).
We have two affine charts for X+1 :
X+1 (1) = SpecC
[{
x
u
}
, y,u
]
, X+1 (2) = SpecC
[{
u
x
}
, x, v
]
giving the following charts on X+n :
X+n (1) = SpecC
[{
x
u
}
, y,
{
un
}]
, X+n (2) = SpecC
[{
u
x
}
,
{
xn
}
, v
]
.
We have the following charts on the fibered product:
Xn(1)×Yn X+n (1) = SpecC
[{
xn
vn
}
, y,
{
x
u
}]
,
+
[{
xn
} {
u
}]Xn(1)×Yn Xn (2) = SpecC vn , v, x ,
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[{
vn
xn
}
,
{
un
}
, y,
{
x
u
}]/({
vn
xn
}{
un
}− yn),
Xn(2)×Yn X+n (2) = SpecC
[{
vn
xn
}
,
{
xn
}
, v,
{
u
x
}]/ ({
vn
xn
}{
xn
}− vn).
The first two are smooth, the last two are a product of A1 with an An−1-surface singu-
larity, which is normal. 
3.5. Non-flatness of the ideal: inverse of the flip
The second part of the proposition boils down to showing that IX2×Y2X+2 is not flat
over X2. This can be done by a direct calculation, in one affine chart, e.g., the following
Macaulay 2 code. The first output line verifies the result already proven, namely flatness
over X+2 . The second shows non-flatness over X2:
R = QQ[r_x2, r_u2, r_"v2/x2", r_xu, r_v, r_y];
S = QQ[s_x, s_u, s_"v/x"];
F = map(S,R,{s_x^2, s_u^2, s_"v/x"^2,
s_x * s_u, s_x * s_"v/x", s_u * s_"v/x"});
T = QQ[t_"x/u", t_y, t_u2] ** image F;
J = module(ideal(r_x2 - t_"x/u"^2 * t_u2,
r_u2 - t_u2,
r_xu - t_"x/u" * t_u2,
r_y - t_y,
r_v - t_"x/u" * t_y));
K = T^1/module(ideal(t_"x/u", t_y, t_u2));
L = T^1/module(ideal(r_x2, r_u2, r_"v2/x2", r_xu, r_v, r_y));
Tor_1(J,K) == 0
Tor_1(J,L) == 0
with output
o8 = true
o9 = false
3.6. Non-flatness of the ideal: stack case
In Proposition 1.4.3, part (1) we saw that X+ is the normalization of W(X/Y). How-
ever, since X is singular, a study of the relevant integral transform is rather tricky, and in
some sense addresses the wrong question: philosophically, one needs to investigate the in-
dex −1 covering stack Xn instead. As a first attempt, one might try to apply Bridgeland’s
construction directly to Xn/Yn. This attempt fails the flatness criterion, as the following
result on X2 shows:Proposition 3.6.1. The ideal of X2 ×Y2 X+2 in X2 ×X+2 is not flat over X+2 .
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an étale cover by the open set U1 = SpecC[x,u, vx ] in X1, and it suffices to check that the
ideal of U1 ×Y2 X+2 in U1 ×X+2 is not flat over X+2 . We use the following Macaulay code:
T = QQ[t_"x/u", t_y, t_u2, s_x, s_u, s_"v/x"];
J = module(ideal(s_x^2 - t_"x/u"^2 * t_u2,
s_u^2 - t_u2,
s_x * s_u - t_"x/u" * t_u2,
s_u * s_"v/x" - t_y,
s_x * s_"v/x" - t_"x/u" * t_y));
K = T^1/module(ideal(t_"x/u", t_y, t_u2));
Tor_1(J,K) == 0
with output
o4 = false 
Remark 3.6.2. It is a straightforward but tedious exercise to verify that the same nega-
tive result holds for the ideal of Xn ×Yn X+n for all n. The calculations in the proof of
Lemma 5.3.1 provide a good starting point.
4. Perverse point sheaves on threefold local Francia flips
4.1. A perversity for Francia flips
Let X be as in Section 3.2. In this case the natural canonical covering stack X is a
smooth Deligne–Mumford stack, whose coarse moduli space is X. Consider the natural
morphism π :X→ X. The stacky points of X are the preimages of points where KX fails
to be Cartier. This locus consists of isolated points.
Let f :X→ Y be the morphism as above. As before we write f = f¯ π with π :X→ X
and f¯ :X → Y .
Following [3, Section 3], we can define a “perverse” t-structure for the morphism of
schemes f¯ :X → Y . It is obtained by gluing the standard t-structure on D(Y) with the
shift centered at −1 of the standard t-structure on the right orthogonal of D(Y) inside
D(X). The heart of this t-structure is denoted by Per(X/Y ). By Proposition 3.6.1 the
same construction for X/Y does not give rise to a result identifying the flip as a moduli
space, therefore a modification is necessary.
We proceed by defining a perverse t-structure for the stack X. We define two subcate-
gories of D(X):
B = {Lπ∗C ∈ D(X) | C ∈ D(X)},
and { }C = C ∈ D(X) | Rπ∗C = 0 .
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Note that Lπ∗ :D(X) → D(X) is a fully-faithful embedding. This follows from the
projection formula, given that π∗OX = OX . Since Rπ∗ has the right adjoint π ! and the
fully faithful left adjoint Lπ∗, we can glue any t-structures on C and D(X). We define
new t-structures on D(X):
Definition 4.1.1. Denote by (D0Per ,D
0
Per ) the t-structure obtained by gluing Bridgeland’s
perverse t-structure on D(X), and the standard t-structure (not shifted) of D(X) restricted
to C. We denote the heart of this t-structure, which is an abelian category, by Per(X/Y ).
Its objects are called perverse sheaves.
The rest of this section is devoted to adapting results of [3] to this situation.
4.2. Characterization of perverse sheaves
By definition, an object E ∈ D(X) is in Per(X/Y ) if and only if the following condi-
tions are satisfied:
(A) Rπ∗E is a perverse sheaf for the morphism f¯ :X → Y , and
(B) (a) Hom(E,C) = 0 for all C in C>0, and
(b) Hom(D,E) = 0 for all D in C<0.
The next lemma is an analogue of Lemma 3.2 in [3]. It is a direct consequence of that
lemma along with conditions (A), (B) above.
Lemma 4.2.1. An object E of D(X) is a perverse sheaf if and only if the following four
conditions are satisfied:
(PS1) Hi(E) = 0 unless i = 0 or 1,
(PS2) R1f∗H0(E) = 0 and R0f∗H1(E) = 0,
(PS3) Hom(π∗H0(E),C) = 0 whenever f¯∗C = R1f¯∗C = 0, and
(PS4) Hom(D,H1(E)) = 0 for any sheaf D in C (i.e., π∗D = 0).
It follows that OX is a perverse sheaf. This justifies the following:
Definition 4.2.2. (1) A perverse sheaf I is called a perverse ideal sheaf if there is an
injection I ↪→OX in the abelian category Per(X/Y ).
(2) A perverse sheaf E is called a perverse structure sheaf if there is a surjection OX →
E in the abelian category Per(X/Y ).
(3) A perverse point sheaf is a perverse structure sheaf which is numerically equivalent
to the structure sheaf of a general point x ∈X. A perverse point-ideal sheaf is the perverse
ideal sheaf associated to a perverse point sheaf.
Remark 4.2.3. Let Y¯ be a compactification of Y . Since f :X → Y is an isomorphism
outside the image of the exceptional loci, we can find a compactification f : X¯→ Y¯ . It is
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over Y . From now on we shall always pass to some compactification, though we do all
computations locally.
4.3. Characterization of perverse ideal sheaves
We continue following [3]:
Lemma 4.3.1. A perverse ideal sheaf is a sheaf.
Proof. Let F be a perverse ideal sheaf on X and E be the corresponding perverse structure
sheaf. Consider the exact sequence in Per(X/Y )
0 → F →OX → E → 0.
By Lemma 4.2.1 all the terms in this sequence have homology only in degrees 0 and 1, and
H1(OX) = 0. Applying the homology functor to this exact sequence, we get
0 → H1(F ) → 0 → H1(E) → ·· ·
so H1(F ) = 0. 
Lemma 4.3.2. A sheaf F ∈ Coh(X) is a perverse ideal sheaf if and only if it satisfies the
following two conditions:
(PIS1) Rπ∗F is a perverse ideal sheaf for f¯ : X → Y , and
(PIS2) Hom(D,F ) = 0 for any sheaf D ∈ C (i.e., π∗D = 0).
In addition, a perverse ideal sheaf satisfies the following property:
(PIS3) the cokernel of the natural morphism f ∗f∗(F ) → F is in the category C.
Proof. (⇒) Let F ∈ D(X) be a perverse ideal sheaf and E be the corresponding perverse
point sheaf.
(PIS1) The functor Rπ∗ restricts to an exact functor Per(X/Y ) → Per(X/Y ). Therefore
there is an exact sequence in Per(X/Y )
0 → Rπ∗F →OX → Rπ∗(E) → 0.
It follows that Rπ∗F is a perverse ideal sheaf for f¯ :X → Y .
(PIS3) Since π∗F is a perverse ideal sheaf for f¯ :X → Y , it follows that f¯ ∗f¯∗(π∗F) →
π∗F is surjective. Applying the right-exact functor π∗, we have that f ∗f∗(F ) → π∗π∗F is
surjective. Therefore, to show (PIS3), it suffices to show that the cokernel D of π∗π∗F →
F is in C. But π∗π∗π∗F → π∗F is an isomorphism, therefore its cokernel π∗D vanishes.
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0 → H1(E) → F →OX → H0(E) → 0. (3)
It follows that Hom(D,F ) = 0 for all sheaf D ∈ C since we have Hom(D,H1(E)) = 0
and Hom(D,OX) = 0.
(⇐) Consider a sheaf F satisfying (PIS1) and (PIS2).
Claim: F is a perverse sheaf. We prove this using Lemma 4.2.1. Condition (PS1) is
automatic as Hi(F ) = 0 for i = 0. Since π∗ is exact we have Rif∗F = Ri f¯∗(π∗F), and
(PS2) follows since π∗F is in Per(X/Y ). For the same reason (PS3) holds. Now (PS4) is
exactly (PIS2). Thus F is a perverse sheaf.
Claim: F maps to OX . We show that Hom(F,OX) = Hom(π∗F,OX), hence non-zero.
Consider the exact sequence of sheaves
0 → A → π∗π∗F → F → D → 0,
and denote the image of η :π∗π∗F → F by C. Since η is an isomorphism away from the
singular locus of X, the sheaf A is torsion, therefore Hom(C,OX) ⊂ Hom(π∗π∗F,OX)
is an isomorphism. Also the sheaf D is torsion, and we have an exact sequence
0 → Hom(F,OX) → Hom(C,OX) → Ext1(D,OX),
but since D is supported in dimension 0,
Ext1(D,OX) = H 2(D ⊗ωX)∨ = 0.
Claim: F is a PIS. Fix a non-zero element in Hom(F,OX) and consider the triangle
F →OX → E → F [1]. It suffices to show that E is perverse. The long exact sequence of
homology (sequence (3) above) gives (PS1). Clearly Rπ∗E is the perverse quotient of the
corresponding element of Hom(π∗F,OX), so (PS2) and (PS3) follow. And (PS4) follows
again because Hom(D,H1(E)) ⊂ Hom(D,F ) = 0 by (PIS2). 
4.4. Simplicity of perverse point and perverse point-ideal sheaves
The following lemma is implicit in [3, proof of Lemma 3.6]:
Lemma 4.4.1. Let E ∈ Per(X/Y ) be a perverse sheaf on the variety X. If E is numerically
equivalent to 0, then E ∼= 0.
Proof. Let E be a perverse sheaf which is numerically equivalent to 0. Since Rf¯∗E is a
sheaf, E is supported on the exceptional locus of f¯ .It suffices to show that all homology groups vanish, that is H0(E) = H1(E) = 0.
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f¯∗(H1(E)) = 0. Therefore, χ(H0(E)) is a non-negative integer and χ(H1(E)) is a non-
positive integer. This implies χ(H0(E)) = χ(H1(E)) = 0. By the support assumption,
f¯∗(H0(E)) is supported at a point, and this implies that H 0f¯∗(H0(E)) = 0, which means
H0(E) = 0. The same holds for R1f¯∗(H1(E)).
We thus have Rf¯∗(Hi(E)) = 0 and therefore the two sheaves Hi(E) have support in
pure dimension 1. For H0(E) we have Hom(H0(E),H0(E)) = 0 by (PS3) in Lemma 3.2
in [3]. This implies H0(E) ∼= 0. Therefore H1(E) is a numerically trivial sheaf, which by
the following well-known fact (applied to H = H1(E)) must be 0. 
Sublemma. A non-zero sheaf H on a projective variety is not numerically trivial.
Proof. Consider L a sufficiently ample bundle. We have Hi(L ⊗ H) = 0 for i > 0 and
L ⊗ H is generated by global sections, therefore χ(L ⊗ H) > 0, so H is not numerically
trivial. 
Lemma 4.4.2. Let E ∈ Per(X/Y ) be a perverse sheaf on the stack X. If E is numerically
equivalent to 0, then E ∼= 0.
Proof. By Lemma 4.4.1 we have that π∗E ∼= 0, in particular E is purely supported at
the stacky points of X. The objects H1(E)[1] and H0(E) are perverse sheaves and π∗
is exact on perverse sheaves, therefore π∗H1(E) = π∗H0(E) = 0. By property (PS4) in
Lemma 4.2.1 we have Hom(H1(E),H1(E)) = 0, so H1(E) = 0. So E = H0(E) is a sheaf
numerically equivalent to 0, which must vanish, by the sublemma applied to H = E. 
Lemma 4.4.3. Let E1 and E2 be two perverse point sheaves. Then,
Hom(E1,E2) =
{
0, if E1 ∼= E2,
C, if E1 ∼= E2.
Proof. This is identical to Lemma 3.6 in [3], using Lemma 4.4.2. 
The following lemma is an adaptation of [3, Lemma 5.2].
Lemma 4.4.4.
(1) Let F1 be a perverse point-ideal sheaf. Then dim Hom(F1,OX) = 1.
(2) Let F1 and F2 be perverse point-ideal sheaves. Then
Hom(F1,F2) =
{
0, if F1 ∼= F2,
C, if F1 ∼= F2.
Proof. Let F1 be a perverse point-ideal sheaf. Consider the following exact sequence of
sheaves0 → A → f ∗f∗F1 → F1 → C → 0,
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Hom(−,OX), we get
0 → Hom(F1,OX) → Hom
(
f ∗f∗F1,OX
)
.
Since
dim
(
Hom(f ∗f∗F1,OX)
)= dim(Hom(f∗F1, f∗OX))= 1,
this shows that dim(Hom(F1,OX)) = 1.
Note that by (PIS2) we have Hom(C,F2) = 0 for any sheaf C ∈ C. Taking Hom(−,F2),
we get
0 → Hom(F1,F2) → Hom
(
f ∗f∗(F1),F2
)
.
Since Hom(f ∗f∗(F1),F2) = Hom(f∗(F1), f∗(F2)), which has dimension  1, it follows
that dim(Hom(F1,F2)) 1, and if the dimension is 1 then the map factors Hom(F1,O).
Since we have F1 →O is an injection in Per(X/Y ), it follows that θ :F1 → F2 is also an
injection in Per(X/Y ). The cokernel of θ is in Per(X/Y ) and numerically equivalent to 0.
Therefore it is isomorphic to 0 by Lemma 4.4.2. 
The proof of the following lemma requires the entire Section 4.5.
Lemma 4.4.5. Let E1, E2 be perverse point sheaves. Then Homi (E1,E2) = 0 unless 0
i  3.
Proof. Since E1 and E2 are objects in the abelian category Per(X/Y ), we have that
Homi (E1,E2) = 0 for i < 0. If Rf∗(E1) = Rf∗(E2), then Homi (E1,E2) = 0 for all i
since their supports are disjoint, so we only need to consider the case Rf∗(E1) = Rf∗(E2),
and thus the problem is local over Y . Replacing Y by an étale base change we may assume
that X is a global quotient stack, and thus Ei are quasi isomorphic to bounded complexes
of vector bundles. Serre duality gives
Homi (E1,E2) = Hom3−i (E2,E1 ⊗ω)∨.
By 4.5.2 of the next section, the object E1 ⊗ω is in D0Per , hence Hom3−i (E2,E1 ⊗ω) = 0
when i > 3, as required. 
4.5. Perversity and the dualizing sheaf
Lemma 4.5.1. If B is a sheaf on X such that B[1] is a perverse sheaf, then f∗(B ⊗ω) = 0.
Remark. The idea is that ωX is negative along the exceptional curve, so tensoring by ωX
should not give more sections. This is not quite correct as it is—it fails for torsion sheaves
supported at the non-representable point, so we need to be a bit careful and use the structure
of the sheaf B .
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• f∗B = 0,
• B has pure support on the exceptional locus of f :X→ Y .
This in particular implies that the problem is local in the étale topology over Y . Thus we
may assume that we have a diagram as in diagram (2), Section 3.3.
For any Z/nZ-sheaf F on X1 we have an isotypical decomposition
q ′∗F =
⊕
φi : Z/nZ→Gm
(
q ′∗F
)φi .
If F is supported purely along the exceptional locus then there is an isomorphism of
sheaves F ∼= F(iE − iD) given locally by multiplication by ( vx )i . For i > 0 we can
further use the embedding O(iE − iD) ↪→ O(nE − D) and get a φi -twisted embedding
F ⊂ F(nE −D). Thus, for any non-trivial character φi we can write
(
q ′∗F
)φi ⊂ (q ′∗F(nE −D))Z/nZ.
We now specifically analyze the sheaf q ′∗τ ∗(B ⊗ωX1). First notice that
τ ∗(B ⊗ωX1) ∼= τ ∗B ⊗ωX1
(−(n− 1)D)⊂ τ ∗B ⊗ωX1,
which is isomorphic to τ ∗B as a sheaf, but with a different action given by twisting with
a character φ. This twisting only has the effect of permuting the φi -isotypical components
of the direct image by q ′.
We similarly get
q ′∗τ ∗(B ⊗ωX1) ∼= q ′∗
(
τ ∗B
(−(n− 1)D)).
Note also that nE − nD is the pullback of the principal divisor E′ −D′ on Xn.
Applying the discussion of Z/nZ-sheaves above we get
q ′∗
(
τ ∗B
(−(n− 1)D)) ↪→ q ′∗(τ ∗B)Z/nZ ⊕⊕
φ =1
(
q ′∗
(
τ ∗B
(−(n− 1)D + nE −D)))Z/nZ
= q ′∗
(
τ ∗B
)Z/nZ ⊕⊕
φ =1
(
q ′∗
(
τ ∗B(nE − nD)))Z/nZ

⊕
φ : Z/nZ→Gm
(
q ′∗
(
τ ∗B
))Z/nZ  (π∗B)⊕n.
In particular we get an embeddingπ∗(B ⊗ω) ↪→ (π∗B)⊕n.
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f∗(B ⊗ω) ↪→ (f∗B)⊕n = 0. 
Lemma 4.5.2. The functor E 
→ E ⊗ ω is perverse-left exact, i.e., sends Per(X/Y ) to
D
0
Per (X).
We use the next lemma to prove Lemma 4.5.2.
Lemma 4.5.3. Suppose B is a sheaf on X such that B[1] is perverse. Then B ⊗ω[1] is
also perverse.
Proof. Let π :X → X and f :X → Y be as above. First note that f∗B = 0 and
Hom(C,B) = 0 for C a sheaf in C, so B contains no sky-scraper sheaves. Hence the
same is true for B ⊗ω.
We use Lemma 4.2.1. The only non-trivial conditions are the second part of (PS2) and
(PS4). The second part of (PS2) follows from Lemma 4.5.1. For (PS4), take an object D
such that π∗D = 0. Since X has only isolated singularities, any such D must be supported
in dimension 0. Note that H1(B ⊗ω[1]) = B ⊗ω. Thus we have Hom(D,B ⊗ω) = 0
since B ⊗ω contains no sky-scraper sheaves. 
Proof of Lemma 4.5.2. This is an easy consequence of the above lemma. Assume the con-
trary. We can take a perverse sheaf E and another object D such that Hom(D[1],E ⊗ω)
is non-zero. Taking homology in the standard t-structure, there must be a non-zero map
H0(D) → H1(E)⊗ω = C. Since H1(E)[1] is a perverse sheaf, it follows that C[1] is also
a perverse sheaf by Lemma 4.5.3. The sheaf H0(D) is also a perverse sheaf since D is a
perverse sheaf. This then gives a homomorphism in Hom(H0(D),C), a contradiction. 
5. Moduli of perverse point sheaves for the Francia flips
5.1. The moduli space
A family of perverse point sheaves for X/Y parametrized by a scheme S is an object
E of Db(S ×X) such that for every point i : s ∈ S the fiber Li∗E is a perverse point sheaf.
Two such families E ,E ′ are equivalent if there is a line bundle M on S and an isomorphism
E  E ′ ⊗ π∗SM , where πS :S ×X→ S is the projection.
Define a functor
M(X/Y ) :Schemes → Sets
which to a scheme S assigns the set of equivalence classes of families of perverse point
sheaves parametrized by S.
Since every perverse point sheaf determines and is determined by a perverse point-ideal
sheaf, we can view the functor M(X/Y ) as the moduli functor of equivalence classes of
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is C, and the automorphism group is therefore C∗. It follows by standard moduli theory
(see, e.g., [1]) that the étale sheaf associated to M(X/Y ) is represented by an algebraic
space M(X/Y ), locally of finite type over C. An argument of Mukai (see, e.g., [3, proof
of Theorem 5.5]) shows that M(X/Y ) is a fine moduli space for M(X/Y ), i.e. there is a
universal perverse point-ideal sheaf over M(X/Y )×X.
Lemma 5.1.1. The algebraic space M(X/Y ) is separated.
Proof. We use the valuative criterion for separation. Let R be a discrete valuation ring,
with fraction field K . Fix a perverse ideal sheaf F over Spec(K). Let F1 and F2 be two
extensions of F to Spec(R) with an isomorphism s :F1|Spec(K) ∼= F2|Spec(K). We can write
it as s = un ·h, where u is a uniformizer in R and h :F1 → F2 is a homomorphism. Taking
n minimal, we may assume that the restriction of h¯ :F1s → F2s of h ∈ Hom(F1,F2), to the
special fiber is non-zero. By Lemma 4.4.4 we have that F1 ∼= F2 over Spec(R). 
There is a distinguished component of M(X/Y ), which is birational to Y . We shall
denote this component by W . To complete Theorem 1.4.1 we need to show that the distin-
guished component W is projective over Y .
5.2. A family over X+
In this section we construct a family of perverse point sheaves parametrized by X+. The
fact that we use such a family in the proofs of our theorems is a compromise, in as much
as we do not construct the flip X+ using moduli.
Proposition 5.2.1.
(1) Denote by ˜X+ ×Y X the reduction of the fibered product. Then O ˜(X+×YX) is a family
of perverse point sheaves on X/Y parametrized by X+.
(2) Consider the morphism X+ → W associated to the family. The composition X+ →
W → W(X/Y) is finite.
Proof. Since we are working over Y the problem is local over Y , therefore it suffices to
consider the case that Y ∼= Yn and X ∼= Xn. To show that
O ˜(X+×YX)
is a family of perverse point sheaves, we use Lemma 4.3.2 and check the conditions (PIS1),
(PIS2) for the corresponding perverse ideal sheaves.
First, the ideal of ˜(X+ ×Y X) is indeed a family of sheaves—namely it is flat over X+n .
We show this in Lemma 5.3.2 below.
Next, we show that it satisfies (PIS1). Consider the morphismid × π :X+n ×Xn → X+n ×Xn.
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(id × π)∗I ˜(X+n ×YnXn)
is a perverse ideal sheaf. Since π is exact, this is nothing but the ideal sheaf I(X+n ×YnXn) of
the fibered product. This follows from Proposition 1.4.3 (see Section 3). This gives (PIS1).
Recall the chart on X1 given by
V = SpecC
[
x
v
, y, v
]
.
The image in Xn is a representable open subscheme where in particular Xn → Xn is
isomorphic, and condition (PIS2) is vacuous.
We therefore concentrate on the other chart
U = SpecC
[
x,u,
v
x
]
on X1. Here U →Xn is étale.
We have a natural morphism pn :X+1 ×Y1 U → X+n ×U . Denote by Z the image of this
morphism in X+n ×U .
The morphism pn factors through
X+1 ×Y1 U → X+n ×Yn U ↪→ X+n ×U.
The first morphism is finite and the second morphism is a closed embedding. Therefore the
composite is a finite morphism. According to Lemma 5.3.1,
Z = ( ˜Xn ×Yn X+n )×Xn U.
In order to show condition (PIS2) it suffices to show that, for any point ip :p ↪→ X+n , the
sheaf
i∗pI ˜(X+n ×YnXn)
onX has no torsion supported at the stack points. It therefore suffices to show that the sheaf
i∗pIZ⊂X+n ×U on U has no torsion in dimension zero. This is again shown in Lemma 5.3.2
below.
Finally we verify part (2) of the proposition, namely the composite morphism X+ →
W(X/Y) is finite. This composition is the canonical morphism associated to the sheaf
OX+×YX , which can be viewed as a family of perverse point sheaves on X/Y by Proposi-
tion 1.4.3. The same proposition shows that X+ → W(X/Y) is the normalization, which
is therefore finite. This completes the proof of Proposition 5.2.1. 
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Lemma 5.3.1.
(1) The morphism pn :X+1 ×Y1 U → Z is an isomorphism.
(2) Z = ( ˜X+n ×Yn Xn)×Xn U .
Proof. The proof of (1) is almost the same as Lemma 3.4.1. The variety X+1 ×Y1 U is
normal and the map is birational, as Z projects birationally to X1. Since the map is finite,
it suffices to check that the image Z in X+n × U is normal by Zariski’s main theorem.
Indeed, we shall prove that Z is smooth. This can be checked via the following explicit
computations on affine charts similar to the proof of Lemma 3.4.1.
The variety Y1 is given by {xy − uv = 0} ⊂ C4. The variety X+1 is obtained by blowing
up the ideal (x,u). It is covered by two affine pieces
U+[1] = SpecC
[{
x
u
}
, y,u
]
and
U+[2] = SpecC
[{
u
x
}
, x, v
]
with quotient charts
U+n [1] = SpecC
[{
x
u
}
, y,
{
un
}]
and
U+n [2] = SpecC
[{
u
x
}
,
{
xn
}
, v
]
in the quotient variety X+n .
The variety X+n ×Yn U is covered by the two affine charts U+n [1] ×Yn U and
U+n [2] ×Yn U .
The coordinate ring of U+n [1] ×Yn U is a quotient of C[{ xu }, y, {un}, x,u, vx ]. The re-
lations include un − {un} and uv
x
− y. Therefore, we write the result as a quotient of
C[{ x
u
}, x,u, v
x
]. The ideal contains
n n
{
x
}n
n−1 n
{
x
}n−1
n−1 n
{
x
}
v
( {
x
} )x − u
u
,x u− u
u
, . . . , xu − u
u
,
x
x −
u
u .
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u
} is easily seen to be nilpotent, and once we add it to the relations we
get
˜U+n [1] ×Yn U  SpecC
[{
x
u
}
, u,
v
x
]
which is smooth, in particular normal.
A similar picture appears on the second affine patch.
Statement (2) of the lemma is now immediate. 
Lemma 5.3.2.
(1) The ideal sheaf I ˜(X+n ×YnXn) is flat over OX+n .
(2) For any point ip :p ↪→ X+n , the sheaf i∗pI ˜(X+n ×YnXn) has no torsion in dimension zero.
Proof. Flatness. Again Xn is covered by two affine patches coming from X1. The patch
V/(Z/nZ) is an open subscheme of Xn, and Proposition 1.4.3 says that
I ˜(X+n ×YnXn)
is flat over OX+n . We can therefore concentrate on the patch [U/(Z/nZ)]. The flatness can
be checked after pulling back by the étale morphism U →Xn. This amounts to checking
that the ideal IZ is flat over OX+n .
First note that IX+1 ×Y1X1 is flat over OX+1 , as remarked in Section 3.4. This implies that
Tor
O
X
+
1
2 (OZ,M) = Tor
O
X
+
1
1 (IZ⊂X+1 ×U ,M1) = 0
for any OX+1 -module M1.
By the projection formula we have that
Tor
O
X
+
1
2 (OZ,M ⊗OX+n OX+1 ) = Tor
O
X
+
n
2 (OZ,M)⊗OX+n OX+1 = 0
for any OX+n -module M . Now X1 → Xn is faithfully flat, being a finite map of smooth
schemes. It follows that
0 = TorOX+n2 (OZ,M) = Tor
O
X
+
1
1 (IZ,M)for all such modules, so IZ is indeed flat, as required.
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exact sequence
0 → TorOX+n1 (Op,OZ) → i∗pIZ →OU →Oi∗pZ → 0.
Any torsion in i∗pIZ⊂U×X+n maps to 0 ∈OU , so it suffices to show that Tor
O
X
+
n
1 (Op,OZ) is
supported purely in dimension 1.
Using the faithful flatness of X1 → Xn as before it suffices to show that
Tor
O
X
+
1
1 (OX+1
/mpOX+1
,OZ)
has no sections supported in dimension 0, and by dévissage on OX+1 /mpOX+1 it suffices to
show that
Tor
O
X
+
1
1
(
i∗qOZ
)
has no sections supported in dimension 0 for any point iq :q ↪→ X+1 .
Finally, this can be shown either (1) by direct computation, or (2) using the fact that the
automorphism group of X1 ×X+1 stabilizing X1 ×Y1 X+1 acts transitively on the exceptional
divisor of the fibered product, or (3) by recalling that the ideal sheaf is the universal per-
verse ideal sheaf for X1/Y1, and therefore has no sections supported in dimension 0. 
5.4. Projectivity
There is a distinguished component of M(X/Y ), which is birational to Y . We shall
denote this component by W . To complete Theorem 1.4.1 we need to show that the distin-
guished component W is projective over Y . In particular we will not show that the whole
M(X/Y ) is projective.
Since we are working over Y the problem is local over Y , therefore it suffices to consider
the case that Y ∼= Yn and X ∼= Xn. By Proposition 5.2.1, there is a birational morphism
X+n → W ; and the composition X+n → W → W(Xn/Yn) is a finite morphism, where
W(Xn/Yn) is the moduli space for the usual perverse point sheaves. This implies that
W → W(Xn/Yn) is finite. Since W(Xn/Yn) → Yn is projective, it follows immediately
that W → Yn is also projective, as required for Theorem 1.4.1.
Remark 5.4.1. A natural approach to proving projectivity of the moduli space M(X/Y )
would be to (1) prove the valuative criterion for properness, (2) prove that the class of
perverse point sheaves (or ideal sheaves) is bounded and (3) produce a line bundle and
prove its ampleness. It is likely that such an approach works. However, since we need the
existence of the finite map X+n → W in Section 5.5 below, and have gone to great length
to prove it in Section 5.2, we chose to use it here as well.
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By Proposition 5.2.1, we have a finite birational morphism X+ → W . By Zariski’s main
theorem, once we show W is smooth it follows that the morphism is an isomorphism. We
prove that W is smooth and the integral functor is fully faithful at the same time, following
the method of [4].
We denote the functor induced by the universal perverse point sheaf
Φ :D(W) → D(X).
As in [4], Φ has a left adjoint Ψ and the composition Ψ ◦ Φ is defined by a sheaf Q on
W × W , which is supported in W ×Y W . We consider the restriction of Q to the comple-
ment of the diagonal in W × W . The support of Q in this open set has dimension  2,
since the fibers of W → Y are images of the fibers of X+ → Y which have dimension  1.
Also, by Lemma 4.4.5 the homological dimension of Q on the open set is  3. By the
intersection theorem [4, Corollary 5.2] it follows that Q vanishes outside the diagonal. The
argument of [4, Section 6, step 5-6] shows that W is non-singular and Q is a line bundle
on the diagonal, which implies that Φ is fully faithful. The proof is complete.
Remark 5.5.1. In order to prove that Q vanishes outside the diagonal without using the
map X+n → W , we would need to show that the homological dimension of Q away from
the diagonal is  1, since a-priori we only have dim(W ×Y W)  4. It is easy to see
that the homological dimension is  2 because Hom(E1,E2) = 0 whenever E1  E2.
Lowering this dimension further would require showing that either Hom1(E1,E2) = 0 or
Hom3(E1,E2) = 0. In fact, to prove the theorem it would suffice to show this for at least
one point (E1,E2) on each putative irreducible component of W ×Y W of dimension 4.
We have not been able to show this directly.
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Appendix A. Flatness criterion
A.1. Torsion-freeness of flat sheaves
We say that an open subscheme U ⊂ W is schematically dense if it contains all associ-
ated primes of W . We use the following well-known lemma:
Lemma A.1.1. Let π :Z → W be a morphism of schemes, and let Q be a coherent sheaf
on Z, flat over W . Assume there is a schematically dense open subscheme U ⊂ W such
that Qπ−1U is torsion-free. Then Q is torsion-free.
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by affine schemes. If s is a torsion section of Q, then the image T ⊂ W of its support is
disjoint from the dense open U . Let f be a function on W which vanishes on T . Since U
is schematically dense, f is not a zero divisor in OW , thus the sequence
0 →OW f−→OW →OV (f ) → 0
is exact. Since Q is flat we have that the sequence
0 → Q f−→ Q → QV(f ) → 0
is exact. But s is in the kernel of the homomorphism Q f→ Q, which is a contradiction. 
A.2. Proof of the Proposition 1.5.1
Recall the statements of Proposition 1.5.1:
Proposition A.2.1 (= Proposition 1.5.1). Let f :X → Y be a projective birational mor-
phism of normal varieties, satisfying (B1), (B2) above.
Let W → Y be the main component of the moduli space of perverse point sheaves on
X/Y . Then
(1) the ideal sheaf IX×YW of the fibered product X ×Y W inside X ×W is flat over W ,
(2) the universal perverse point sheaf on X ×W is the structure sheaf of the fibered prod-
uct X ×Y W , and
(3) if V is a scheme and h :V → Y is a morphism such that every associated component
of V intersects h−1U , then h factors through W → Y if and only if the ideal IX×Y V
of the fibered product X ×Y V in X × V is flat over V .
Proof. Let [F → OW×X] be the universal perverse point sheaf. The sheaf F is flat over
W by definition. Over the open set U , this coincides with the natural embedding [IΓj →
OU×X], and the sheaf IΓj is clearly torsion free. By Lemma A.1.1 F is torsion free. Also,
since [IΓj →OU×X] is injective, the kernel of F →OW×X is torsion, therefore it vanishes.
Thus F → OW×X is injective and F is an ideal sheaf. The pushforward (id × f )∗F ↪→
OW×Y is the ideal sheaf of the graph of W → X, thus the image of the pullback
(id × f )∗(id × f )∗F →OW×X
is the ideal sheaf of W ×Y X. This sheaf homomorphism factors through F → OW×X .
Since the latter is injective we have that F coincides with the ideal sheaf of W ×Y X,
which proves (1). Part (2) of the proposition follows since [IW×YX →OW×X] = [OW×YX]
in the derived category.
We show the “only if” implication of part (3): suppose Z → W is given such that the
composite Z → Y satisfies the assumption in part (3). The pullback of F = IW×YX to
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therefore it is an ideal sheaf, which coincides with the ideal of Z ×Y X by right exactness
of the tensor product.
Assume conversely that IZ×YX is flat over Z. Its direct image on Z × Y is the ideal
IΓZ→Y of the graph of Z → Y , and by definition the inverse image of IΓZ→Y surjects onto
IZ×YX . Thus IZ×YX is a perverse point-ideal sheaf, and therefore Z → Y factors through
W , proving the “if” implication of part (3). 
We list several applications of the flatness criterion on surface contractions and Segre
cones in Appendix C.
Appendix B. Normalization of W
Assume f :X → Y satisfies conditions (B1), (B2) above. It is tempting to ask if
W(X/Y) is always isomorphic to X+, or, at least, for criteria for comparing W(X/Y)
with X+. It turns out that the normalization Wn of W(X/Y) is more approachable. As-
sume X → Y and W → Y do not contract divisors, we have the following result:
Proposition B.0.2 (= Proposition 1.5.2). Let f :X → Y be a birational morphism satis-
fying (B1) and (B2) above. Let M be an f -ample invertible sheaf. Denote by W the main
component of the moduli space of perverse point sheaves on X/Y , and let Wn → W be
the normalization. Assume further that X and Y are normal algebraic varieties and the
exceptional loci of X → Y and W → Y have codimension > 1. Then
Wn =P rojY
⊕
i0
f∗Mi.
In a sense, the proof exhibits Wn as a boundary instance of the “twisted stability” moduli
construction of Matsuki and Wentworth [10].
B.1. Brief account of Bridgeland’s construction
In [3, Section 5], the moduli space of perverse point sheaves is constructed as the moduli
space of the corresponding perverse point-ideal sheaves using geometric invariant theory.
Let U ⊂ X be the open set where f :X → Y is an isomorphism, and pick a point x ∈ U .
The maximal ideal sheaf F0 = Ix is a perverse point-ideal sheaf associated to the perverse
point sheaf Ox . Pick an ample line bundle LY on Y , and write L = f ∗LY . One considers
the vector space
V = Hom(L−1Y , f∗F0)= H 0(Y,LY ⊗ f∗F0).
Write dimV = m.
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quotient is characterised by the surjective linear map
H 0
(
X,V ⊗L−1 ⊗Mn)→ H 0(X,F ⊗Mn),
for a sufficiently large integer n. Such a map corresponds to a point in a Grassmannian G.
It is shown that, for large n, the moduli space is the GIT quotient of the set of semistable
points Z on a closed subset Z⊂ G, linearised through the tautological line bundle OPN (1)
of the Plücker embedding G ⊂ PN . All these semistable points are strictly stable.
B.2. Comparison of line bundles
Denote by (PN)s the locus of semistable points, and similarly Gs ⊂ G. We use the
following diagram:
Z ⊂
∪
G ⊂
∪
PN
∪
Z ⊂ Gs ⊂ (PN)s
M(X/Y )
i Q
where Q is the projective spectrum of the ring of invariant sections on PN . By construction
we have that the pullback of OQ(1) to (PN)s is the same as the restriction of OPN (1).
We use the notation j :U ↪→ X for the open set where f :X → Y is an isomorphism.
There is a natural embedding µ :U → M(X/Y ) which associates to x ∈ U the moduli
point corresponding to the ideal sheaf of x.
Lemma B.2.1. Consider the composite morphism
h = i ◦µ :U → Q.
Then there is an integer k and an isomorphism
h∗OQ(1)  j∗
(
Lk ⊗M−n).
Proof. The universal perverse ideal sheaf on U is the ideal sheaf of the graph Γj of
j :U → X in U×X. Denote the two projections by πU :U×X → U and πX :U×X → X.
Since LY is sufficiently ample and f is isomorphic over U , we have an exact sequence
0 → πU∗
(
IΓg ⊗ π∗XL
)→OU ⊗H 0(X,L) → j∗L → 0.
Denote the sheaf on the left-hand side of the sequence
( )
V := πU∗ IΓg ⊗ π∗XL .
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Let H be the total space of Hom(OmU ,V) and g :H → U the natural projection. There
is a tautological determinant section s ∈ H 0(H, g∗L−1), whose non-zero locus is the prin-
cipal frame bundle of V:
P := H \ div(s) ⊂ H,
on which V is trivialized. Note the isomorphism of invertible sheaves OH(div(s)) 
g∗L−1.
The morphism P → Q lifts to a morphism P → G → PN through the quotient
g∗
(
V ⊗ πU∗π∗X
(
L−1 ⊗Mn))→ g∗πU∗(IΓj ⊗ π∗XMn).
The pullback of OPN (1) is the determinant of g∗πU∗(IΓj ⊗ π∗XMn). Using the exact se-
quence
0 → πU∗
(
IΓj ⊗ π∗XMn
)→OU ⊗H 0(X,Mn)→ j∗M → 0
we see that
g∗h∗OPN (1)  g∗j∗M−n.
Since H → U is an affine bundle we have an isomorphism g∗ : Pic(U) ∼−→ Pic(H), and
the excision sequence gives
Pic(P ) = Pic(H)/Z · [OH(div(s))]= Pic(U)/Z · [j∗L].
The lemma follows. 
B.3. Conclusion of proof
Since X \ U has codimension  2 and X is normal, every section of (M−n ⊗ Lk)i |U
extends to a section on X, and similarly for Wn. The proposition follows.
Appendix C. Surface contractions and Segre cones
C.1. Smooth surface contractions
First let f :X → Y be the contraction of smooth surfaces. By the flatness criterion, to
show that W = Y it suffices to show that the ideal of the graph of f in X×Y is flat over Y .
The problem being local in the étale topology, we may assume Y = A2, with coordinates
x, y, and X = A2, with coordinates u, v, with x = f1(u, v) and y = f2(u, v). Then the
ideal I is generated byx − f1(u, v), y − f2(u, v).
D. Abramovich, J.-C. Chen / Journal of Algebra 290 (2005) 372–407 405
.The ideal is complete intersection, with Koszul resolution
0 →OX×Y (y−f2,f1−x)−−−−−−−−→O2X×Y
(
x−f1
y−f2)−−−−→ I → 0.
We use the local criterion for flatness. To check that I is flat over Y it suffices to check
that TorOY1 (I,E) = 0, where E is the structure sheaf of the center P of blowing up, with
maximal ideal (x, y), and for this it suffices to show that
OX ⊗E (y−f2,f1−x)−−−−−−−−→ (OX ⊗E)2
is still injective. The latter coincides with the map
OX
(−f2,f1)−−−−−→O2X,
which is injective since fi is not identically 0. This proves part (1) of Proposition 1.5.4.
C.2. Contractions of (−2) curves
Now let X → Y be the contraction of a (−2)-curve. To show Wn = X it suffices to
show that
(a) the ideal of X ×Y X is flat over X, and
(b) the ideal of the graph of f is not flat over Y .
Again we can work étale locally, and reduce to the case where Y = SpecC[x, y, z]/(xy−z2)
One chart of the blow up is X = SpecC[u,v], with the morphism given by
x = u, z = uv, y = uv2.
For the other chart we have
y = u, z = uv, x = uv2.
To prove (a) we need to consider several affine charts on the product. We describe one,
leaving the others as an easy exercise to the reader. Consider the affine chart on X × X
with coordinates u1, v1, u2, v2, where the ideal is
IX×YX =
(
u1 − u2, u1v1 − u2v2, u1v21 − u2v22
)
.
Note that the first two generators already generate the ideal, so IX×YX = (u1 − u2, u1v1 −
u2v2). The Koszul resolution gives the result as in part (1).
For (b), the ideal of the graph is generated byx − u, z − uv, y − uv2.
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tively, one can use the following Macaulay 2 code:
R = QQ[x,y,z,u,v]/(x*y-z^2);
J = module(ideal(x-u, z-u*v,y-u*v^2));
K = R^1/module(ideal(x,y,z));
Tor_1(J,K) == 0
Of which the result is:
o4 = false
This completes the proof of Proposition 1.5.4.
C.3. Other surface contractions
Proposition 1.5.4 leaves out many interesting cases of surface contractions, in particular
the case of arbitrary crepant contractions of surfaces with only rational double points.
The latter class of contractions turns out to follow from the work of the second au-
thor [6]. Indeed, any such crepant contraction locally admits a one-parameter deformation
X → Y → C, the well-known simultaneous partial resolution, which on the total space
is a threefold terminal flopping contraction, where X+ is the other simultaneous partial
resolution. In [6] it is shown that W(X/Y) = X+. It is also shown that the central fiber
of W(X/Y) is W(X/Y). Finally it is known that the fibers of the simultaneous partial
resolution X+ are isomorphic to those of X, which shows that W(X/Y) = X.
C.4. The Segre cone
We now address Proposition 1.5.6. Again, it suffices to show that the ideal of X×Y X+ is
flat over X+. Equivalently, it suffices to show that the structure sheaf of X×Y X+ has Tor-
dimension 1. We can work locally on X+, where an affine chart can be taken as Ak+2, and
the inverse image of this chart in X ×Y X+ is the blowing up of Ak × {0,0}. The fact that
this has Tor-dimension 1 follows from the case of a smooth surface (Proposition 1.5.4(1)),
or can be seen directly: an affine chart for X×Y X+ is the hypersurface in Ak+2 ×A1, with
coordinates z1, . . . , zn, x, y, t given by equation y = xt . We thus have a resolution
0 →OAk+2×A1 →OAk+2×A1 →OX×YX+ → 0,
giving the result.
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